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general, an approx5ation to the· value of its decimal repi-esentation •. -
It·1s possible to design.conversion procedures which reduce the amount 
. · ot appraximation to a theoretical mimtr.nml. Proced~s effec:t-4tng min:Jmn• 
·, 
error convers~on typically reqtlUe longer execution t~mes and larger 
core storage requirements. 
' The procedures discussed here are of the minimum-error t1P9, 
and are used in a compiler environment,· This context. requires that the 
procedures be as fast as is eoJtaoensurate with mainta,ning the prescribed 
aceuracy. The concurrent optimization of speed and accuracy is seen to 
require the development of several nmltip1e-precision arithmetic tech-
niques. During the several phases involved in conversio11, the degree 
of precision extension varies. The fastest conversion results :from using, 
in every case, the minimum allowable precision which will. assure the 
accuracy of the converted. number. Determination or the minimum allow-
able precision is accomplished.by an analys~ of the mechanisms through 
wb::\ch the selected arithmetic techniques introduce error. Experiments 
with these procedures irxiicate that they effect conversion with c~-
parable accuracy but at up to nine times the speed of other illplellentationa 
in trequent ue. 
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. beeii·--rked by a steadily accelerating gr@~:rth in the ·number ~or··computer' ' 
-users, as 11811 as an expansio~ in ths seeps of tasks tor which computers 
I 
-~ 
may eftective~y be used. Nearly every branc~ of the physical sciences 
.c. 
-
' 
now counts the compu~r among its most powerful re~earch tools to be 
ued to perform hitherto impossible ·1 terative calculations 9 med.el complex 
_behavior, and to allow the use of statistical techniques which previousl.7 
·----· -----------~·- -·-- --- --•re ·too cumbersome. More recently, in fields as diverse as ~cine,_ 
biology, and the arts, practitioners are continuing to find important new 
applications for computers. Attempting to keep pace with growing user-
oriented demands, manufacturers-continue to increase the ~speed and 
fiexibility of their machines while offering extensive software support 
in terms of programming packages and operating systems, 
Among such far-reaching changes, however, certain elements in 
the character of computers have remained relatively static. In particular, 
the heart of most general purpose computing systems remains a central 
processor with its atteniant operational registers, and some form of 
high speed addressable storage, usually magnetic cores. Information is 
almost universally represented in some bjnary coding or which the fuuiamental 
unit is the bit; memory is addressable only in terms of fixed-length strings 
',', 
or bits, called bytes or words, Alternate non-binary schemes have so far 
proved of' little more than theoretical interest. 
Another characteristic of computers which baa ohang~ little 1a 
that information processing is prjmarily performed on a numeric basis. 
ot the various instruction types com.prising the repertoire of aost coaputen, 
e, • 
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nUllleric nature are often recast·in some qwintitive form.and processed 
ar~:thm®ticall.J, Such an approach 1~ often .adopted in fields _as diverse 
--- "• as pattern recognition or text pro.~essing. As a :'lconsequ~nc® of this 
strong reliance on arithmetic processing, eefflinly the general a1gebra1c 
program~ng languages and most of tbs c:,53~ciale>purposen ~nguages being 
developed proride some capability for converting numeric information-
-
.. 
.. . 
--· ··----------------~ '·", . -encoded in some. external· (e.g ••. keyptlnohed) form. to· an. ·equ1valent "· 1n;..· ---- ----------- ---~---s""t 
,. 
~ -~-- --
terna1 binary numeric representation. . It is with some aspects of tbia · 
conversion process that this discussion is concerned. 
A powerful and multi-purpos® language called WIZARD bas been 
deTeloped for the CDC6400 at Lehigh University incorporating most ot the 
features comm.only found in algebraic compilers such as FORTRAN, and a 
number of additional data-types allowing non-arithmetic processing, such 
as in SNOBOL or LISP. Because this language is used for educational 
purposes as well as tor research, the spactrum of users ranges from the 
most inexperienced to the most sophisticatedo The problems of' designing 
\ 
numeric conversion procedures for this compiler have been multi-fold, I 
tor the procedures used must at once provide the latitude and extensive 
error diagnostics needed by novice programmers as wll as high-speed and 
accuracy which an experienced programmer mght demand. Moreover, the 
FOCedures developed should be equally "'&Jell suited tor converting con-
stants appearing in ·the source program, n1uneric data read at execution 
time, and for mking other data-type conversions which WIZARD allows. 
The conversion routine must provide for a consistent and predictable 
•tanclard ot aocurac7 tor t.hoae prograPPD8rs to lib.om this 1a or priaarJ 
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_ of the conversi~ procedure herein described •7 be judged. --- --Speed--am--~~--.-. -· 
accuracy are ot priMl'J' concern, and considerable attention·w111 be 
devoted to_ techniques which allow maximum accvacy. with minimWtl c~-
promise in speed. Of less concern but also important are questions 
involving the use ot registers, -the need f o"l!; t@mpor&17 storage, and the 
space which the routine its elf occupies in memory. The thrust of the 
following sections will be to show how best· to implement_ a conversion 
process in the compiler invironment, meeting the dema.Ms out1ined above. 
As a basis tor.discussion, the number-theoretical origin.and propagation 
of arithmetic errors will be described, both to establish the machine-
dependent liJldtations on accuracy and to suggest fast arithmetic tech-
niques which introduce as little error as possible. Further, some 
aspects of the lfiZARD running environment, namely, the CDC6400, will be 
discussed so that the issue of machine dependence for these conversion 
. ' 
.... -
.'.":' 
..... ',: 
·-~ -- --'=-'°'. 
. ' techniques may be considered. Finally the results of experiments wi~ 
"' 
the routines will be used to compare them -cdth. other existing jmplementatione, 
and to evaluate how effective they are in the given context. 
It is not suggested that the conversion procedure considered 
here is either universally valuable or machine independent: Rather, the 
discussion aims to describe how software and har·d:cm.re environment of a 
conversion procedure influence its designo As such 0 the arithmetic 
techniques are decidedly not genera.l, nor are they meant to be. Generality 
1s to be found on the level of methodology and analysis, both ot w,ch 
play an important part in the field of software design • 
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__ 1ystemsa &n m@~l one having a radix or ten, which will be called - -·--- .. - ··- --- - . - -~ ,_ __ ~·~----···· - ·- -•---
~-_.:.___-----~-
~ d 1 s pk y eed@CJ 0 and a uniform internal torm_which_is the normalised 
fioating point representation compatible with the arithmetic hardware 
of -the CDC6400. A description ot the display code strings which are 
acceptable tor conversion is given in the .Appendix in Backus Normal 
Os· 
Form [8]. The fioating point replf®Sentation will be described present.17, 
and is the form used to reprasent all numbers in WIZARD-compiled prograN 
as well as those read as data. 
·The term "value-preserving• a11 applied to conversion suggests 
that a value associated with a given display code string will also be 
associated with the binary representation after conversion. When the 
binary representation medium is of limSted capacity ho119var, true value-
preservation is n~t generally possible. For exAmple, the nUllber 0,110 
. '-' 
-has no exact finite binary representation. For the floating point form 
ot·interest here, it is possible t_o specify how closely the value of a • 
display code number may be approximatedo To the majority of WIZARD 
users, whether or not the conversion procedures effect this best 
appradmation is of little importance. Some applications, howeTer, •1 
require that conversion introduce the smJJest possible inaccuracy. 
This 1naccuracy, called the representation error, cannot be r0duced re• 
gardless or how the conversion is implemented; thus it represents very 
nearly an upper bound on the total error introduced by the arithmetic 
used in those conversion procedures which are designed tar 111rt111D1 aaourac7 • 
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. :. I :which is of_. the form I = (a__ a · • •. ·· -
-ri n .. 1 • a0 ). ··The· _ftlue _.of ! is expressed.~·-. · 
•• a polynmdal 1n £.•· 
n 
I(r) =L 
i=O 
i 
a r· 1 
. 
,. Sildlarly, the value of any traction is a pol.JnOl\dal 1n negative powers 
ot £., · 
(2) 
. 
. ···--·-· ··.· .. , . .. ____ ..... - ... . . 
. 
t'f . . . ----------·- ···-----···----·--······ 
.in which a negatively subscripted a1 ·1s ! places to the right ot· t.he 
I 
radix point. If for some (negative) k, a1=o for all i~k,_ the traction 
is said to terminate. In a finite med111ll1, all fractions term:,nate, re• 
sul.ting in -some truncation error, Any number is expressable- by combining 
equations (1) and (2), as is done in equation {3). The second ot the 
. '\. ()) 
-····"" 
1a the tranoation error. A number represented in display code t~ assumed 
tor the purposes or this discussion free ot truncation errors however thja 
is not generally true of its flo-ating point form. Thus the binary re-
r presentation of N(r) will actually be N' (r), where the latter is defined 
aa in equation (4). The 1ec0Dq. tera or (4) 
p 
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ap-s+i• It 1s seen that a. conversion procedtil.l"® ~ require at least 
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\ .. __ a+1 bits if the result is to have §.. significant bits. 
The range of ntmibers representable in a given number of bits 
is greatly inc~ea~ed by the use ot a fioating point mmeric format. .l . 
~·-·.--·--·.--·---·-----·~-~~-----·-····-·hardware capabili·ty for arithmetic using numbers in such a :format is· J 
•I 
available on most of the.larger scale computers today.-- Typically the 
... 
available bits are partitioned so that L(c) bits are used to encode the 
coetticient ot a number 0 and L(e) bits to encode the exponent, that ia, 
the power of two to lihich the coefficient is to be raised. Two bi ts are 
required to encode the signs ot the coefficient and exponent. Thus, 
using unsigned coefficients and exponents for the moment, the value ot a 
fioating point number is represented. by the ordered pair (c,e) in a given 
baser., The class or representations is of the form (c,e)9c•r8 • Finally, 
,.-"'~ 
a number oft.his form is normalized if the following inequality is satisfied.a 
L(c)-1 L(c) L(c)-1 L(c) r ~. c <r , or in the binary case 2 ~ c <2 • 
The representation error for normalized binary floating point 
nuabers my now be given. If!. is a number to be represented by the pair 
(c,e), then the representation error is Ix - c•28 1. McKeeman [4] has 
shown that the maximum relative representation error is approximately 
, equal to ( t) • d: b. He has aJ so derived, using 8ome or Hammjng' s results 
(5], an average of the relative representation error; however. this is ot 
little use in determining an accuracy bound for conversion procedures. 
Soar, diacua1ion of errors in unnormalized arithmetic may be :round. in [2] • 
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It should be :poted that the notation ot equations (1·) to (4) 
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is achieved using the radix .. e, the nat~l loprithmdc base. Because l 
. is the integer -nea~st to !., he· prop@$sd a ternary system which does in 
-tact r~sult in compaction. Due to hardware conside~ations, howaver, it 
is not lik(©)ly to soon replace the binary fioating point form. which is· 
···· here considered. 
- · The ~ture -·ot representation ·· error may be posed in terms more 
tand.li.ar to programmers by consideri;ng_the loss of significant digits 
1n transferring. from a representation in one base to another. ,. This 
approach was tollcrasd by D. w. Matula [ 1] who exam,ned sigrdficant digit 
loss in conversion from one base to a second, and then back to the first. 
Be has derived a number ot theorems which give the necessary and sufficient 
conditions tor this conversion to be error free for conversions between 
arbitrary radices. Goldberg, however 9 has treated [3] the special·c&l$e 
ot decimal to binary floating point conversion which is of interest here. 
He showed that a sufficient condition for the nwnber of bits L{c) needed 
1n a floating point binary representation to assure that a given system 
ot !!,-digit decimal numbers would be identical] y 1~ecov0rad after a rounding 
oonYersion into binary11 f'ollotJ-ed by a rounding conversion back to dec1rl 
L(c)-1 n 1a that L(c) and !! satisfy the inequality 2 > 10 • In the implementation 
to be discussed 0 L(c) equals 48. Using the inequality above and noting 
14 47 15 that 10 <2. <lO it is appa.rent that a "good" conversion procedure 
should retain 14 significant decimal digits. 
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accuracy @f &:ny conwersicn FOOess, regardless of how it is imple~ted •. 
In addition· to rspr®s®n~tion error, however, the matheatical operations· 
used in the conversion process may introduce a fir ·greater error. Errera 
of this t1P8 will.be termed arithmetic, and by restricting their _maPitude, 
a conversion error less than or equal to the representation error may be 
• 
I • 
o,btainecl • 
;rn applying an arithmetic operation to two (normalised) noating 
' point numbers, the result, if represented 1n as many bits-as the original 
numbers, will generall7 be an approximation to the true result. For 
._-; 
example, multiplication o:r two numbers whose integer parts are each.!! 
bits in length will yield a result having no, more than 2°n bits. This 
double-le~gth product must then be used, after either truncation or a 
rounding process, to represent the f1nal a-bit product. The error intro-
duced by this rounding or truncation is caJJed generation error, and in 
most cases does not exceed 1n magnitude one half the value of the least 
a,g,>1ficant digit of the n.-bit product. If two numbers ·with non-zero 
generation error are used in successive arithmetic operations, additional 
inaccuracy may be introduced, which is called proJ?!ga tion error. Both 
propagation and generation errors are affected by the representation 
errora and in an extended aeries of computations 0 all these errors may 
interact in a very complex way. In some cases the interaction actually 
causes a decay in the total error introducedp but·, other oompu:ta.tiona.l 
· aequences may yield errors which are intolerably large. The prediction 
o! decaying errors, or the control of rapidly growing errors is, at best, 
dittioult trom the programmer's point of view. As a result, iterative 
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-to ·reduce propagation error e=:> ~ d@$ign facet.which conversion procedures 
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introduc®d by each·· ot the four aritbJnetic operations is now quantitAtively 
. Gamined. Though the analysis includes SOU appro:dmations,, th® r@sults·-
. \. -
sane as a guide in selecting which operations· are best, suited to ·vdDiMl- · . 
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error conTersion • 
. Let (x,y) be a pair of real ·numbers which are correct to within 
representational limits and which are appradmated at a given point in a . 
series 0£" calculations by the pair (x' ,7') with. errors E am o respectivel.1". 
Then · 
X = X 1 · + £ and 
1' = y' + o. 
,f. 
• 
CS) 
(6) 
Further, let~ represent some binarJ arithmetic operation on the pair (x,y), 
which will be -written x~y., The hardware ]1m1tations which· bltroduce 
generation error suggest toe notation t,• tor the operation which a computer 
actually performs. To reflect this, the result of x~y will then be written 
x'~'y'. The difference between the correct and actual result, which v1lJ. 
be called the net error introduced by /J, may be given bys 
E; = I x/>y - xv i/, 8y' I = (x{,y - x' ;..,., ) + (x' j,71 - x' /,'7'). · (?) 
The tirst of the two terms or the right hand side or equation (7) 1s the 
propagation error due to e: and o. The second term is the generation 
error due to the use of ;• :instead of ~. The mrod.mum of E~ is !'ound by 
taking the absolute value of each or the error terms and than applying 
the triangle inequality to (7). 
(8) .. 
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From. inequality (8) it is seen. that the net\error will not exceed the r1;::; 
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_ to evaluate and will henceforth be_,deno~ as. '(a,b) w}le:re, tar a ~ir .... _ __ 
of ~rs (a,b), 'f1,Ca,b) = 1 a/,b - a/,'b 1. Using (8) an:l tbe notatiOD · 
-~-
just introduced yields the general net error relation •. 
(9) 
Inequality (9) ··•y be enlu.ted tor .each ot the four arithNtic operations-•. 
In particular, tors 
" . -
.Addition E < I :z: + 7 - x' + y' \ + T (x' ,7') + ' t> . . •• • + 
~-·~"----· 
E E \ x + y - (x-e: + y-o) I + f (x' ,7') 
+ + 
E ~ I e: + o I + 't (x' ,y') 
+ + 
(10) 
subtraction E ~ I (x - 7) - (x' .. y') l + tcx• ,7') 
- -
E_ ~ I (:z: - y) - (x - e: - y + o) I + 1'(x' ,7') 
-
E_ ~ I e:- ol +1'(:x',y') 
-
Hultip}icat1on E• ~ ) (x • 7) - (x' • y') l + 'r(x' ,71 ) . ·--
E. ~ J x * 7 - (x .. e)•(y .. o>I + t'cx• ,y') 
(11) 
,· 
" ' 
E. '7 I (x • 7)-(x • y)+(t * y)+(O * x)-( € •o) I + 'f.cx• ,7') 7 
uauming that E*& is negligible, 
1. ~ Io • x + e: • y I ·+ -r.cx• ,y•) (12) 
.r 
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The in~ties (10) - (13) may be re-vitten 1n terms ot the relati~ 
error, tbat is, RE~, by dinding each side by x/17 • Also, because 
a · worst-case analysis is ot primary interest, the· relations ar~ written ------- --
' 
as equalities. 
- - . -
BE_ + = I : + 0 1 + 1:fcx• ,71 ) ' 
x+y - 1x+yl- ' -- - ' -- - \ _·_ '(-14)-~- --- - - ·--····---·· ---
l e: o J + 'r:(x• •l' l RE_ = X : y I X - y I 
RE = t 2. + ~ I * 7 X + ~ex· ,x') Ix * y 1 
(15) 
(16) 
(17) 
Several comments should be made regarding equations (14) - (1?) 
111th respect to their applicabi)jty, generality and ut111tyo Their 
deriTa.tion assumes that operands a.rd. results are aJJ represented in a 
uniform normalized. floating point format of :fixed length m1arein a double-
length register is used by the arithmetic unit for intermediate results. 
A number of simplifying assumptions ware expliciUy made in deriving 
(12) and (13); also tor some hardware configurations, the origiruu linear 
separability of the generation and propagation error terms in (7) may not 
... be aa atraight-forward as shown. Moreover a s1m1lar set of relat1ona 
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· · could be obtained· in terms of x~ _ and y' :rather than x and 7, ·am!. 1n 
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· determitrn.ing the relativ~ ,rrors, some authors [7] prefer t@ divi.de--by" 
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the quo~ents should bs sm.au. 
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A r&the~ s~~iOllS ditticult7 in interpreting (14) - (17) in 
;; . ~ 
the torm. giv®n arises because, as previousl.y noted, the evalution ot._ I 
!he ' is difficult, This is SQ because it is highly dependent on how ' 
, is implemented and also on the previously generated ®rror$ &nd relative 
. ~ 
' 
' 
' 
· •gnitudes of x' and 7'. On the CDC6400, for example using numbars ot 
greatly different magnitudes, or of nearly equal magnitudes and opposing 
. signs in an addition or subtraction causes an increase of magnitude in 
the~ and 1: terms. Alternatel;r, 1 and 1j are particularly sensitive to 
large--relative. error when either' or both of the oJ)8rands approach the 
'•rlmum or minimum representable numbers. 
In choosing, argumendo 9 a loss of one significant bit per 
operation, it is easy to see that a convf:?rsion process which uses a 
series of noating point multiplications and· additions ina straightf'orwai-d 
implementation of equation (4) c~ seriously reduce the accuracy of the 
result that a given word length would allolf. Several alternative pro-
·cedures are available and are in frequent use. These includ3 the sub-
stitution for floating :eoint oparations some integer arithmetic, logically 
simula.ted arithmetic, intermediate results of exterded. precision, and so.on, 
The following sections explore the advantages of some of these alternatives. 
While the discussion will be immediately applicable to the l:JIZARD environment 
on the CDC6400, the methods described 0 1;-Jith approp1~1ate ma.china and language 
dependent modifications, might prove equally suitable to a large class 
of computers. 
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· holcling this argument share a point of view which asserts (and .proba.bl)! ____ . ______________ : 
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. 
justifiably) that a neoessarily abstract formalism benefits from the 
lack of restrictions imposed by the realities .inherent 1n·the 'ogranuning. 
and use of a partic1uar computer. · In some cases, such as ·in ths~statement 
or _publication of algori tbms, their arguments are almost ir1~efutable, 
supported by a.legacy ot uniform notation and structure which is widely' 
. 
. 
I • 
. 
accepted. and understood. There are cases, however, when an insistanoe 
.!? 
on ~rormity and abstract rormallsm resu1ts not in an increase of 
generality, but rather in a general decrease in the utility of the dis-
cussion. · It is felt that display code to binary conversion technj ques 
fall most naturally into the second category, 
The theoretical requirements for these techniques, as discussed 
in the preceding section, ~o little in themselves to offer more than a 
clue for the designer as to which arithmetic techniques to use or a.void. 
_Finding an optimal method and sequence for using these clues 9 the crucial 
part of the design process has been and remains a matter of extensive 
""' empirical investigation of a highly machine-dependent nature. The basis 
for taking an empirical approach lies in the raot that, for almost all 
computational tasks, numerical conversion represents an "overheadli1 
operation. As such, these procedures are considered good if they are 
taat. In attaining spaed. 11 however, the accuracy may be compronrlsed in 
•YB which are difficult to detect in the debugging of the procedures. 
To balance speed and accuracy, the latter, assuming the role of greater 
' ' •. 
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stature, the designer usuall7 requires an 'intimate familiarity-with 
. ... 
· · . pectllarities cf his object machine~ With this in m:J.J'ld, ~.ome spe~itioa · 
. . . . . . 
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3.2 · Central Processor Contiguratiop. 
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_ The ·central procE.>sso,r {CP) ot the CDC64oO is ·contigared &8: · 
... 
shown in figure 1 be1cn:ro The heaVJY lines represent data paths· and the 
._dashed. lines are control paths. The memory is of 60-bit words and there 
' are twentyG3four operational registers arranged in three groups of eight 
each. The operand registers, denoted XO to X? are 60 bi~ in length · 
e 
and conmmnicate with one-another, registers in the other two groups, 
. ~119mory, and the arithmetic and logic uni ts. The address registers , 
de.noted. AO to A?, are eighteen bits long and are used to fetch and store . 
operands. The remaining eight increment registers denoted BO to B? are 
used as 18-bit integer counters or as index registers; register BO is 
permanently hard-wired. to z•ro, In these registers, the bits are 
( 
numbered from O (right-most) to 17 or 59', .. (l~pending on register length. . ,' 
XO AO BO ,,.. 
.... r 
Xl Al Bl 
X2 A2 B2 .... 
-
CENTRAL X3 111111-------- A3 R3 
MEMORY X4 A4 B4 
' XS 
-
' 
A5 BS 
,, }---- ,,. ..- X6 A6 B6 -
... X7 
.... A7 B7 
j I t ~ 
.ii 
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LOGIC & ARITlU.fETIC UNIT 
Pigure 1: Central Processor Configuration 
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·.·in ones-compl®ment notation. · In A and B :ic'@gliit®rs 11 bit 17 is the sign. 
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-~- · integers are t.Mnsf'~ flt'om. B r@gista:rs to I registers t the sign is 
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extended to leftC)~ill the unspecified bits. 
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_ The floating point arithmetic ~,n~t :uses the t~llowing ·to~t. ~ _-
'l'he coefflciint is in bits O to 47, the signed aitpunent in bits 48 to 
V . 
.58, and bit 59 is the sign bit for coetticient. · The exponent is biased 
at 20008 so that.positive exponents are greater than or eqa.a1 to that 
. -· 
value and negative exponents are less. The binary _point is assu,,.t to 
tall immediately to the right of _,the least significant bit. The biased 
_exponent notation and the position ot the binary point allows tor 
----- ----'---------~--------~----· -s1mpl1fied comparison and threshold checldng of floatjng point numbers. 
.,. ... 
Figure 2 below summarizes the form of floating point numbers; the 
number stored in the register is the (octal) normalized. fioating point 
representation of ten. 
'--v-~~ "--------- ___________ .., 
exponent coefficient 
1: 1:igure 2: Normalized floati_ng point representation of ten 
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· The instruction set consists of a· large number (!f !mlti-
• -----------·-· •• 
-·· j register_ 1nStrllCtiODS which &llOW StipulatiOD Of O aa~}r{g@t GS !fSgie;ter f ·· 
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~· well as which reg1~t~1f>a f!Stld/or cons~ts are to be used-in forming 
·- - - --- --~ ·--- -- ~--
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11~ 
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-\ :-:,---:~~-~--~~----··.----~-:---_-------:--~the floating point, arithmetic instl'Uctions.~_i Al~ floating point arith ... .. j . . 
.r: 
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#•-•' 
metic is done in a double precision register ot which th@ up~r halt 
(more significant) and lower half (less signific~nt) are separately 
-retrievable. The hardware provides for packing the correct exponent 
with each ot the halves, but in o:rder to obtain both halves or the 
result or a double precision operation, that operation 11111st be executed 
twice, Hence two basic floating point instructions a:re provided 0 namely ~----
...... 
_______ . __ _ 
the F-type and D-type. The tormer is used to obtain the most significant 
part of an operation, and the latter is used tor the less significant-· 
part. 
The anilabilit7 of double precision floating point hard.111.re 
suggests a rather simple way in which the single-precision accuracy 
dilema may be resolved, that is, to 1188 all double precision operations, 
This approach is, however, unsatisfactory for a number of important 
reasons. First, the floating point instructions, partic11Jarly multi-
plication and division, have execution tjmes which are among the longest 
ot any instructions. For example, 5.7 microseconds are required for a 
tloating multiplication or division as opposed to 1a1 microseconds for 
a fioating sum or difference and o.6 microseconds for an integer a1111 
or dif!erence, (Instructions for integer product and quotient are not 
available). Hence each double precision product or quotient represents 
/ 1:: 11.4 microseconds, plus any tiM required to fetch, normalize Oi' other-
wise prepare the operands. A second premium is paid in terms ot register 
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.· ·usage. In machines with few aritmnetic registers, or ones (like the_ 
easily inv@lW® m, le1rg®, n'Wfillb®1r.@f iri1N1ltiplic~~ions or divisions, both in 
- ----- - -- --- -------
-
· · ·::-""'' . --.--... -·· .. ..;.....  ...._ .. --~~-------···the ·.·initi®.1--character -eonv®rsi@~rr :~m.dse~·-then-~iri-.-the ··scaling:····operations~,--· ~--·.  _..............,_~~ 
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It may_ be observed, ,moreover, that this difficulty is shared by most 
' achines,_ c{ue to the taet that multiply and divide times are often 
significantly longer than execution times tor many of the other operations. 
3.·3 Hardware Arithmetic 
Before determining when and llh.ere ~oating point-can most 
' ' 
.·····-··ettectively be used it is necessary to understand the specifics ot the 
particular hardware used. Such an understanding will not only point 
. . . 
' ""-" 
out the enhanced accuracy available from these instructions, but also 
cast some light on the origin or the generation error te~ which was 
discussed in the preceding section. The number theoretic basis and 
·nomenclature.for the tollow:l.ng remarks has already. ~en estab]4shed, 
with the exception of the term "unpack• which is used to denote the 
separation ot the exponent and ooe:tti~tent parts ot a floating point 
number. 
. ,I 
.. ...._ - . - --= ··---·-·· __ -.--:-::·----,--:-...-... ,..:-._--:---.::::-::-:---,, ___ :-- --::-:--,-,-:-~-- ~ ---=--.. . -- ~ - .. --------- ·-----· - ----····-·-··---··· ----·--······--·- ·-- -·--- ' 
).).1 Floating Sum (Difference) 
Both arguments are unpacked and the integer part ot the . 
argument with the smaller exponent is entered into the upper halt of 
a 98 bit accumulator. It is then right-shif"ted by the diffarance ot 
the tvo exponent parts. The integer part ot the other argmaant 1a 
' . 
4 I 
---- -----··-
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• ..tded (subtracted) into the upper halt o:t the accumla~. On overflow, 
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. 
the_ sum_ (ditf@r®nce) is·· r1gb.tc;,shif1;®d .and the ~onem.t· is incr@asd 1oy· 
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- instrueti@n.0'" th® lm~r half _of the acc1111Ulator. is used, along with an 
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the· initial right-shift 1n·· the accumulator, optimal accuracy is attain-
able only when the two operands are both normalized 9 fer ttich .. an in-
. -
st.ruction is provided (O. 7 microseconds.) None of the flooating point 
. instructions provides for automatic normalization. ·A third instruction, 
the R--type, is available to obtaµl the upper half ot·the accumulator 
:rounded by the lower halt. In an R-type sum (d,:fference) a round bit 
is attached to the right end of both ope~ands it they are both normalised 
or are or unlj ke (like) signs B or for all other cases a ror1nd bit is 
at.taohed to the right of the operand with the larger exponent. The R .. 
type instruction can ba simula. tad using an F-tn,a am a D-type, and then· 
inspecting the D-result to determine if roUMing is called for. This 
approach is more accurate than using only R-type operations when the 
· operan:ls are or widely differing magnitude ·but takes more than t~ce 
as long to execute. As such, judgement on the utility of rounded opera-, 
tions is withheld until floating products and quotients are diseussed • 
• 
-- -· -.·--- ··--
3.3.2 Floating Product (Qµotient) 
,'.!i. 
,,~ 
No double precision (D~type) instruction is provided for 
.tloating quotients. For prcxiucts, the two coefficients of the opera.bis 
-· •re multiplied to form a 96-bit product. Depending on whether the in-
, - ... atruction is an F-t:ype or D-type, the upper or lower half of this 
product gets packed with the resulting exponent in the target register, :,l 
j 
\1, 
- .. - ':- - . ~ ' 
' ' ' .J 
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',. -· ·~· --- - ---exponent in th® to.~get· register is-"the su:m ot-"tbe original. axpollenta ____ ., -- -----.~· 
tor D"'tJP@ @P3rations, or the sa plu 4710 C48io it wertlow oocunid) 
A rounding operation is also available tor products and 
q,uotients whose action is considerably more complicated than 1n the 
· case ot rounded sum and difference. The effect for multiplication 1• 
that tor products ffllich equal or exoeed 295 the round is by one tourth1 ·· 
for all other products, the round is by one half. In computing rounded 
-' ... :%" quotients , the hard11&re . introduces a rounding ot one~· third O by appending .... --:-r,,·. 
.. 
to the righl, of the bµs&ry point of the dividened the quantity 252525 ••• 
II 
25258• This is introduced 1n the subtra~t-and-sh:lft operations which 
comprise the divide process. The number-theoretic basis for this im.-
plementa tion 1s the statistical argument [5] that the bits introduced 
into the low order part of the dividend should be randomly distributed 
with a mean or one halt (i.e., as many ones as -zeros.) Clearly, a 
·~ string of the form 252525 ••• 8 has this property. Because no double 
precision division is available, however, it hes not been used at aJl 
1n the conversion process described here. 
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_j dec,mal points, signs, and several del:Jndter~ torm,. yet the WIZARD~ 
In general the 
_ torm$input and fixed form result involves three phasssa Depending on 
. ._" 
""J . 
~. r' the display code string 9 several comb1nations of some .. OJ' all ot these _ ...
phases may be invoked in the course of conversion, The three phases · are 1 
1. Sign, decimal point and de]jndter processing 
2. Coefficient and exponent eT&1~!4on 
:,. Scaling. 
<.1 
Any- mmber has a coefficient part, so phase 2 ia clearly ala19· inTolTed 
in the conversion, Hence considerable attention ldll be paid to opt~ull.y 
implementing it, both from the standpoint ot speed and accuracy. The 
activity involved in phase 1 may be categorized pr1marily as "bookkeeping•, 
although the decim.a.l point pla.cemant figures in the scaling process. It 
is, however 9 important bookkeeping because a) it is required for free-
:torm. input., and b) conversion speed may be seriously sacrificed if it 1s 
not carefully co.ied. The scaljng operations o! phase J strongly affect 
conversion tjme and accuracy, an:l have occasioned.the development of two 
double precision floating point multiplication techniques. 
The process flow for a general conversion is aa foll~.,.. 
Ji 
inpa.t the procedure reoeives a diap1ay code string of the tora ahom in 
tigure J. 
. . . ·'"· . 
~·., 
. -----.----··~--- ... - ... _, -·· -· - .... . 
------~---·-··-- ·--------~~-·----- ------···-------·-··--------··____...,..,_ -~---- .... ---··· ---·----
, The ,...ocessing ofpha-se 1 stores the eoett1c-1ent· sign intormatioil· am -- -·--·------·-------··----·--· 
,:-
. 1 
~ 
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affectively nintegerizes" the coet:f'icient to one ot (n1 + nf) digits, 
~-....~-----...--:~~~~~~-~re~ing.,.,:in. the .... for-m~-s~own~in---figure,-4.-~~:The-~d·ispla,--,·cod~-integer--~=~~:, . .: _ .. r-' 
•. 'i. 
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coefficient is then converted to .. . . . . ~:...._ ... 
d d d d d d d d d • E t (e X p - .. D .) 
' V , . t 
(n1 + nf) digits 
., .. 
1 • Figure 4 
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a binary integer, the latter uniformly processed as positive since the 
si~ has previously been stored. The digits in the exponent are similarly 
converted to a signed binary integer. The integer binary coefficient is 
then packed as a floating point number and multiplied by the potfer Qi' 
'";':; 
ten indicated by the exponent, If the coefficient sign is negative, the 
nos.ting point result is complemented. 
In the WIZARD environment, there 1a no restriction on the 
number ot coet:f'icient digits (n1 + nr), nor is there any l~ndtation in 
• 
the use of leading or trailing zeros. Additionally, it was shown in 
section 2.2 that the conversion error is improved when the procedure 
' ·• .. 4 
allows the intermediate use o:r more bits than are to be used to repreaent----·-
the result, so that rounding is possible. The foregoing considerations 
suggest the· use of some exten:ied pre·cision arithmetic to conYert the 
coefficient. The degree of precision-extension required depends on the 
ay 1n l-Jhich scaling is implemented, for the error 1n the coefficient 
-will be increased by the propagation error of each subsequent scaling 
11Ultiplication. Thus, if 80Jl8 number :requires a maximum of ~ scaling 
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. mltiplioati.-, there ,mat be a sutt1cient·n11Dlber of excess bits in 
.-=-- f;. ..• -
. the unsealed coefficient· to ·-.bs~b the J.1C3fold -pro~gaticn error, thet"l>Y:-~:-... ~: - __________ __ _ _ __ _ ----· ·--·.-· -·-·--. -
the unscaled coeffi@ient will. tend ·to mcrease the propagation error •. 
Simply swtoo 0 · the -arithmetic r8quirements of the_ conversion 
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' least possible generation error, and the scaling op0xa&11tiona should re-
strict -the propagation error. These requirements are, ··however, compounded 
· by the eonfiict~g need for high-speed conversion in a compiler enviromnent, 
and the lesser need to restrict the length (storage requirements) tor the_ 
procedure i tselt. The -.y in which such requirements are incompatible is -
easily shown. For exam.pl.a, the s•ller the number of required scal1ng 
nltiplications, the :taster and more accurate will be the conversion. 
Bowaver, scaling involving only one multiplication would require a table 
of scale factors some 1200 words in length. On the other hand, allowing ,.-,-()" 
more multiplications v1ll decrease the table size, but will be slower and 
my requ1re more precision in converting the coefficient. 
A number ot highly interdependent f~tors, then, influence the 
design of an effective oonversion procedure. Most crucial among these is 
the compatibility of the arithmetic techniques used to convert and scale 
the coefficient. This compatibility is achieved by using logically-
implemented atxl double-precision floating point arithmetic in a combination 
which provides only the min:Jmnm precision required to assure the accuracy 
of the result. The concept of minimum required precision is a useful one 
&00. serves, along t·d th expected usage -statistics, as an aid 1n the selection 
and design o:f these special a.ritbmetio teobn,quea. 
• 
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4.2 · ·Coetticient Jsponent Evaluation ·...: t. ·• 
Suppose·a display ccde·1nteger·baT1ng n+1 digits.of the fora ·,, J.>,J i,,4:~:·~./.•¥,t .:~ ;v.J :~r.--,.. ,__ '~--,~. 
- .' \':i • 
·-•,•' •••·••-• • .,-,-.,~---· ••.-----~ - ",-_:-~~ -- (8,~ •n-i O O O &
0 ) 10 is to be eonverted:O" 0n the basis of equ~ion (1) -= _ _-
---- --- ... . -- -~- -,-,,--_- -- ~---~~ -.. the conversion will consist ot a .. number of nested nmltipliea tions and 
""-, 
"" 
. 
~,,"additions ot the form ~--~~~~~~l-£ff{~~~~~~~y~~f~-~~-
"' . 
... 
.. 
.. 
.. ~ 
~: 
.... 
. 
', , A 
. 
. Eram1ni:ng this :form reveals that the conversion of n+1 digits requires 
-n D11lllltiplications by ten, and n additions. It has been pointed out that 
gene~a.tion err~ in the coefficient is controlled using extended precision # 
_Jv-
ari tbmetic. If the hardware noating point arithmetic is used to obtain <:, 
? 
·this extra precision, the per-digit.conversion t,me will exceed 15 
•/ 
J 
• ml~roseconds •. Fortunately an alternative approach exists which sub--
stantially reduces the per-digit conversion time while maintaining the 
required precision. 
., A number •Y be multiplied by ten, by first nmltiplyillg it by 
two, then by eight, and finally. adding these two products. · If the number 
is some binary integer I, then 2·! is obtainable by left sh,tt1ng I one 
bit position; rmd 8•! with a left shift of three positions, Neglecting, 
' 
. for a mamant the effect of overflow caused by the sh1ft1ng, such a multi-
plication by ten may be accomplished in 1,8 microseconds, which is 4o9 V 
. 
microseconds less than even a single precision ~loating point multiplication • 
This semi-logical imple-mentation ma.y be readily extended to IIUltiple 
precision, prortding at once a sufficient number of s"1gn1tioant bits I.lid 
a solution to overflow problems. 
The 96-bit two-register integer for•t shown in figure 5 baa 
been adopted. As 1ndicated 1n the 
( 
. .·. . : . -
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overflow 
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· new 
digit 
'·•. ;. 
···- ., ' 
l'igure 5: Two-register integer format for coefficient conversion 
figure, the X register containing the 48 higher order bits is denoted 
Xa; the lower order register is denoted~· The binary point in this 
/ 
configuration is placed immediately- to the right or bit O of~· The 
value of the integer in the double register at any point in the conversion 
48 
is given by 2 Xa + ~· The conversion of any digit in a string involves 
the following steps. Xa and ~ are ea.ch nm] ti plied by ten using the 
sh~ft-add scheme describedo The new digit is added at the low order 
• 
end or \· Any bits above 47 in \ (shaded in :figure 5) ara then added 
to the low order eni of X. These bits, called "overflow" bits
9
.may 
. a 
arise both as a result of the multiplication and the addition of the 
new digit. None of these bits is lost, however because there is rooa 
in Xi, tor up to twelve overflow bits but no more than four can ever ocour~ 
-, 
\ The overflo-w bits must be re:qioved from\ before the next digit is pro-
cessed, else they will enter into the calcuJations more than once. 
' -~------ ·-~·--· -.- .. · __ ,._·:-: _____ _ 
~-~ t·. 
' .. 
-------· 
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___.c...--- ~ - -
-_ .. The unJ 1 kely · possibility ot _ overfiow in X8 JJIWlt also be considered~ 
.. 
· . -It_ is \UU.ikely because it OCC'811;S only when the display cede ccetticient 
overflffllY in Xa ~s detected by checking bi ts 44 to 48; should any ot -- · ---- -~----
these be non-sero, the next digit -could result in overnow. In lieu ot 
~-.. -- - •
4
--- :.~ -.~---,--~rv11112ltiplying,··ahy·1iigits~--found- 0 aftc,-r·~a···-posstba··ovei-f'l~---·=~elr"--·,---~=~~ 
,_., , 
- .. 
detected are merely counted, with this count being applied to the dec:imal 
point scale. Figure 6 shows the conversion of the coefficient flow-
charted on a perc:digit basis. The conversien of the characters in the 
I'., 
exponent proceeds in much the same way but using only a 48-bit integer 
format. This is sutfici~nt for an error~f'ree i-epresentation of any 
allowable exponent. 
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. Figu~e 6: Arithmetic processing for coefficient conversion 
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The ooefticiant is ~®presentoo.-~s a 96-bit integer which ·has_ been ob~ined· 
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"------ _____ ,.. _ ~--: ___ ~::_ _ -vi.th n@ genex-a.ti@n or propagat,.0!'1 enc.,r• ·· Thus. a •reservoir'* ot 48 'bits, - -_. -------------. ·--· ---··--------·---·-·----------c--
, 
- (the lm1 @ied.er ~lf _ ot the coeffioient) is- available to. absorb error ·---- --.. -.-----:--------. --. 
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' due to the subsequent sealing multiplications. The 48:=bit length of the 
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J)Oµtt rmmberso The arithm®tic perc:dig.it processing.time using coding 
suggested ·by figure 6 is only 8.0 microseconds. This is far 1ess than 
any possible hardware floating point version. Finally, this implementation · 
places no restrictions on the display code string configuration~ the 
use of leading and trailing seros -as the WIZARD environment requires· • 
4.) Seal:l ng 
" The power of ten by which the coefficient of a partially con-
IJ 
verted number is multiplied. is determined by the characters appearing · 
in the exponent part of the display code string and by the placement of. 
. . the decimal point, Should this power be negative, the scaling could . 
' 
certainly be done by dividing rather than .nmltiplying. In the WIZARD 
implementation, however, all scaling is done with nmJtiplications. This 
is so for two reasons ... First, ~eveloping suitable muJ.tiple precision 
·division procedures to parallel the ones developed for multiplication is 
not necessary, and second, using only multiplications reduces the nwnber 
ot instructions requn~ad in the procedure. 
J, 
Numbers as represented. in the CDC6400 may range in •gnitude 
ha appraldmately 1a322 to 10-294-. It may be seen that a scaling prooeaa l 
uing only one multiplication is possible provided a table is maintained. 
containing aa entries each possible power of ten that could cccur u a 
'I 
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. . acile~actor. . 'fhe--obn.ou drawback of. this approaah 1n terms of storage 
. requiremenw has been mentioned.· An alternate approach is to maintain a 
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Suc;h a-reduced table approach has been chosen illustr@:,ting the environment 
• 
u numbers _which are either very large or very small arises.tar less fte-
,,, 
quently than the need to convert, say, the number 1 •. Hence, the largest 
. · · · 
. 80 
. 
· scale factor in the table is 10 , The actual entries, along with the 
precision ot each entry, are shown in figure 7 below. 
1080 double 
1020 .. :::. ,..\, aingle 
105 single 
1. 
10 single 
10 -100 ·double 
Figure 71 AvaiJ able scaling tac tors 
Three peculiarities of the table are of interests the entries are ot 
ditterent precisions·, there is but one negative power entry1 and the 
powers selected do not facilitate a binary table search as would be · ... 
expected • . The single precision entries are expressible as such with 
zero representation error and their use (as w:lll be shown) reduces the 
time and complexity of a scaling multiplication. The anticipated large 
ratio of integer to fraction conversions, coupled with added time and 
complexity in using double precision scale !actors accounts f'or the 
inclusion of only one negative-power entry, A sjm:\Jar argument and ' 
slightly reduee<I'1·program length also accounts for the non-binary selection 
or scale factors. In an implementation where expected usage 1a le•• 
' 
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Descri~ion or the scaling process itselt·is. a_straighttorward ... 
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. 
·., 
powar atter1~1dn1ng the digits of the exponent-and.·considering the 
' ~ 
. decimal point placement. If I is negative 0 ths coefficient is multiplied 
by 10-tOO and 100,is &dded to!• This procGss is repeated until the new 
- ! 
E-value is positive. Then, or it the original value ot ~ was positive, 
~ ! is compared with 80. The comparison is •succe~sful" if E2:80. In this . · 
80 case the coefficient is :multi plied by 10 and E is reduced by 80. . _ The · . · .. ·, 
comparison continues.until it is unsuccessful, in which case the next 
lower power entry is used for the comparison (viz .• , 20, 5, 1). The 
scaling is complete vhen ! equals zero, The sca11ng process is auwmarhed 
in figure 8. 
It should be noted that, in accordance with the principle of 
uing the minimum required precision, all scaling multiplications involve 
' 
• double precision multiplicand (coefficient) but a multiplier (scale 
tactor) which may be either single or double precision. This has prompted 
the development of two distinct but s:1:m:\lar double precision multiplication 
techniques. The context in which each ia used is clear from figure 8, 
1n which "DUXSI" denotes a multiplication with one single-precision 
operand 11 and "DUXDUn is the version in which both op0randa are double-
precisiono Of these two, the double-double multiplication is the more 
general, since a lover-preoision half of zero may always be generated 
tor a sing~ preoi.81en operaoo.. The use of single-double multiplication 
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Scaling the coefficient 
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. is baaed on the· claim that it is shorter, taster, and generates.a 
' . .; 
. 
. 
· sufficiently. accurate . r®1$ul.t with a single-precision multipli•r· .. _ --------~----· .. 
- ---·· -----
----- _· ___ · ____ .· '_ •· .. .. '!'his claim ll!Wil't b®. jlistU'ied, and ·1t mst further-~ shown that both-- . ··.·.~.··· -_. --,---··--···-· 
---~· ----··-·· • C 
' 
-
1i ,·' 
ot the doublec:,precision teclmiques Jindt the propa.g&tion error to the· 
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acourac7 of the single-precision result._ 
( 
4.4 Double Precision Floating Point 
The admissible range of exponents and the choice.of scale 
f~ctors together determine the marimmn number ot scaling multiplications 
which any number can require. For this particular imple~ntation, the 
maximum 1s thirteen, required for exampls to scale a number with an 
""4 
exponent ot )19. Recalling that the duuble precision coefficient bas a 
lov order part ot 48 bits, a propagation error of up to three bits per 
multiplication is permissible. Renee any fioating point,arithmetic 
nmst have as small a generation error as possibla 9 namely one restricted 
to the least significant bit ot intermediate results. Achieving tb·is 
- .. ~ degree of accuracy using the double-precision floating point capabilitJ 
provided by the CDC6400 hardware is not a straightforward process. Some 
"of the intermediate products which are generated are of •surplus• pre-, 
oision and prociuce unnecessarily slow and complex scaling if retained. 
Moreover, the way in which significant intermediate products are calculated 
nries as the precision of the operands in the scaling multiplication '· 
changes. The developinent of the two double-precision multiplication 
techniques vhich reflect this variation is now d1scuseed, aid the;y are 
shown to introduce sufticien'U.y small generation error • 
.. 
.•- . . .... 
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·4.4.1 Single -.double Multiplication. 
'. ' 
The multiplier in this· case· is a sing1e-pree1sion fioa:Ung 
~__:.._ .. ~:_ ____ precision:- num~1"3 the hi"g1La.nd. l.CW"Oi'uffparui-are-a~ouidX"" am{~~--~-
• . ' I - . a, . 
·----. 
·"Q, 
respectively. A. double precision n'llJllber N is normalised when N is· 
; . a 
nonalized and the exponent o:r I\, is 4810 1ess than that of N8 ., The 
- ~:Lue of the multiplicand will be denoted as X, such that .I=.Xa +~. 
Sildlarly, the double precision result of the product X.~T is denoted 
R, with high and lm1 order parts Ra and ~· A single-double nmJ.ti-
plication is of the form 
R = XaT + ~T ... (18) 
· .11herein all the arithmetic may be done in. double-precision. Ertend1ng · 
the use ot subscripts to indicate the order of an expression, and letting 
any expression enclosed in parentheses represent a single precision 
quantity, aPJ)lying double-precision multipllcation to equa1t:ion (18) yields 
(19) 
Determining which terms in (19) may be neglected may be done on the basis 
. . 
of the following :result. For some normalized double-precision floating 
number N9 its high and low order parts satisfy the iilequality Ni,~ (2-47) ·•a• 
The last term in equation (19) is thus on the order o:r 2-94 tjmes the 
.. result and may be neglected. Double-precision addition applied to the 
remaining lh:ree terms yields the high and lot< order parts of the result 
u tollon 
Ra·. [ (XaT)a + { (x._T)b + (XbT)ala + { (IaT)b + (XbT)a}b ]a ,(20) 
~ m [(XaT)a + {{XaT)b + (1bT)a} + {(x_T)b + (XbT)a} b ]b (21) 
: I 
' I 
. . 
' 
- .t 
. . ' 
. 
-. 'fhe relative magnitudes of· the terma in . (20) -and_ (21). allow tvther - I , • 
• 
siJrq,litication which· results in the following torm., _. 
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Equatiolis (22) and (23) repr@$®nt tb.e ~er in llhich· the result _ot 
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quired to implement this technique requires three floating point· 
multiplications and additic;,ns, two normalisations and t1vro register , . · 
transfers, restillting in an arithmetic processing time of 22,8 m1cro-
seconds using four X registers. The price in t:lme for mainta:\n:\ng 
sufficient accuracy tor a single-double scal:1ng multiplication· ·u aeen 
to be high. 
. ' 
,:. : 
· 4.4.2 Double-double Multiplication 
The· notation adopted in the previous section is retained here. 
In this instance, however, the multiplier is double precision and denoted 
as T =Ta+ Tb' where Tb is non-zero because T8 alone is not representation-
error--free. The restrictions applicable to the single-double case apply' 
here as well; namely operands are normalized double precision numbers. 
The four terms involved in a double-double multiplication are shown 1n 
equation (24). If these four indicated "\\ 
" ·, 
R ~ Ia Ta+ XaTb + XbTa + XbTb (24) / 
products are oaleulated using full double preciaion multiplication, 
the result is expressed as shown in eqtaation (25). The relative magn:Jtftde 
ot the eight terms 
R • (IaTa)a + (XaTa)b + (XaTb)a + (XaTb)b 
+ (~T~)a + (~Ta)b + (1bTb)a + (~Tb)b 
.. 
(2S) 
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·. ' · ... 1n· (2.5) lll&J' be aPPl°mdnatel:J' determined as before. Such an anal.Jsis . - ' ' : . . 
.••. :·-~- IShfJIIS ~t the last two terms, invo~_y.ng X.,Tb' may be negl0cted. Farther __ "_ 
---c,------·  __ ·. ------ simplif'1cau«m··am .impl'~t in ll!.C@t1r1ieYc:tsp@$~ibhi u(i~i~>~~+ cxaT~>l',~----·-
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- --- ---·-·- ----- ---·- -· 
···- ·- · ·--- ---· - ---- · am (Xi:,Ta)~ + (11,T~)b IU'e calculated using round:ing operation& (B - type). ·. \ ·. 
• : .. :, .... ·_·!:• .. · •• 
----~-----.-- - . 
· F.quation (2.5) then b®comes . 
The manner in which the high and low order·parts of the result are cal~ 
culated is shown in equations (27) and (28). 
Ra =[(XaTa)a +({(Xi,Ta)r + (XaTb)r}r + (XaTa)~ rla <21) 
~=[(XaTa)a +({(:lCt,Ta)r + (XaTb)r}r + (XaTa\)r]b C2S) 
In these two equations the nesting and subscripts of the several bracket 
·· types indicate· the order in which the operations are performed and the 
instruction type used. The coding requires four X registers and an 
arithmetic processing time of 28.8 microseconds, a fourth again as nch 
as the t1me used in single-double scaling. 
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5.1 -Test e,Design 
.' 
. . 
-·--- ·----·------------- --· 
. - . 
·-
illplici t and explicit statement ·or what the criteria o:t a successful·----------_-.·-·_~-------.--
conversion procedure, design· should include. In the development ot ., 
. - -~. . 
., 
.!:> 
.-w~--l- " ---· ... -~ . ~-_...,----·--the~sever•lcnumerica-1--and--arithmetio-~--techniques~-,~em.pha&i-&--has~beea--~~-,-~--- ,~-+-------- - ·._ 
. I 
p~ on high speed and minimum introduction of error. ·The overview 
has been one ·or moderating the speed and accuracy requirements by also-
considering the requirements of a general purpose compiler language. 
A. complete test of the conversion procedures, ·then, should verify not 
only that they introduce no error in excess of the representation error, 
t. 
but also establish their suitability and utility in the compiler en-
vircmment. A turther consideration m designing tests is that it is 
impossible to exhaustively verify every possible display code conversion . 
due to the essentially unlimited number of configurations which may 
occur. Thus the selection ot test cases is an important issue, Finally, 
the testing should reveal any significant differences between the WIZARD 
connrsicm procedures and those used in other contexts. 
S.2 Conversion Speed \ 
The ease vith which conversion time may be determined varies 
oonaiderably- 1n the several phases discussed in section IV. While the 
per-digit arithmetic processing time for evaluating the coefficient 1a · 
easy to calculate, the execution time of the scaling is found to be 
.. 
1 highly dependent on the value of the exponent. For example, the number 
1E80 1.8 ·scaled vi.th one double-double ll\llt1plloat1on, but the scaling 
• 
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frequent application of the conversion procedure is expected tr.o be . 
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,, ' positive, and specified without dec1mal point_ or exponent part. A 
fast procedure in this context is one which tekes the least t1111e to 
do the most common conversions, even wen this sacrifices the speed · @ -
tor converting numbers which occur less frequently. It is of course 
impossible to determine in advance a stati.Smu picture of the usage 
_requirements that will be placed on any part of a compiler. This 
applies as well to number conversion. Of primary importance, hOW81Ter, 
~ that those elements in the design which are ~;ost heavily usage-
dependent may be readily changed to match an observed trend in usage 
statistics. Such flexibility has been inc·orporated in these procedures, 
and is felt to be a significant asset. 
Few users of a language need to precisely deteraine the 
t:1:me used in number conversion; some general relations are or interest, 
however. The conversion time has been calculated by performing 10,000 
t-
·--., 
conversions of a. given display coded number and using the elapsed time 
to dete~ne an average. For display code representations requiring 1., 
\ 
no scaling, the per-digit.conversion t:1me in such a test is appro:x:1:uteq 
30:.' greater than the arithmetic ~ar-digit processing time, indicating 
the amount of overhead t1me required for character fetching, srror 
checking, and so forth. For a more general display oode form 1nvo1Ting 
• 
' ' 
-;.. .. !. } • . . .._ . .. , .. 
-~- ' . -. . . ·-'---- :,a-.~-~-- -' · .. ---- . -' 
--· . --·-· -- . 
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signs, dae.:lmal 'points, and scaling, the conversion ~ is the sum of 
the arithmetic processing tj~me or the- coefficient and scaling multi- -
~~---------- ---- --
') 
--··------· ·----------·- . ___ .. __ '=·- .-·: ---------··--------·-·-·-··-·-···. 
. . :~ 
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· second case is dues to th® f~@t that scaling typically requires the -
largest fraction of c@nvsrsion time. For example, an estimate on the ; 
. 
' 
-
-
. .. . 
. ' . ' . ----;..;....._.;.,----·--------· ·-·----~..: ~-- ------ -~;,77\-~~-.. -- =s==~-~~=-·----:--,.;;=-,-~ 
.. --_,====--=-=----~~~...-==a~-~--i.,---··raqu1red"'~to-ccmvirtc'~thi'' number--,. ~415~- may. be formed -as :follows.· -
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There are eight digits in the coefficient and exponent requiring an 
..,. ' . 
aritbmetic processing time of 64,0 microsecondso three singlec::double 
.. 
scal1ngs requiring 6804 mieroseconds 0 for a total arithmetic time of 
132.4 microseconds, Adding on the 10% ove:rhead time yields a tcita~ · 
conversion tjme ot approximately 145. 6 microseconds.,,~ 
Time estimates or this sort are or use primarily in comparing 
~ procedure wt:ih another. This has been done using the procedures 
' in the COMPASS assembler1 these were found to be considerably slower, 
but for reasons which are attributed to the assembler enviromn.ent. In 
this context, the need for high accuracy far outweighs considerations -
ot time and procedure length, and all conversion is done using triple-
precision fioating point operations. Moreover, a larger table of scale 
' 
·factors is maintained and there is greater variety in allowable display 
code configurations, resulting in higher overhead, Unlike the i,JIZARD 
implementation, the COMPASS-generated result may be a double-precision 
fioating point representation. 
Conversion t:ime est1mates have also been made using the 
procedures of the FORTRAN ·and FORTRAN-Extended compilers available 
at Lehigh University. The expected usage of these procedures ia 
similar to that of the WIZARD proeed.ures, thus an interesting comparison 
•1 be made. The identical program [ 1)] ~a used to time both or the 
I 
------~---,---~-----,.------------~---........ .-...... - ................ -----!!!1!1!!!!!!1-!!!!!!!l!!!l!I! _____ .... _______ _ 
~- __:__:_~~~__:.:___--=~~~~~---:'-~~~~-~~_:___;.;;._-~~~~~~~ ~~~-· . _·_,_.· ___ ·'~-''. -
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• ·t 
' ----·--·--·. - -- . ---------~--· 
_. . 
. . ~- 39 • -- -- --- - -
-- - -- - - -- --~--
_,______ - --~- • ---- _, _J. 
FOR'l'RANs, and consisted ot 10,000eDCutionS ot a DECODE'type statement 
[9, 10]. The display code torll used. _jn this test was' the one' for which ~ . 
. 
. . 
' 
. 
---------·-,·-----··-· ----the WIZARD tl·me estimate has been ealc11Iated. This conversion_ 1f>equired 
. 
- . . ~-- - ... . . ·- -. - . . .. . . ' 
. 
( 
1378.0 microseconds in FORTRAN and 131100 microseconds in FORTRANc=Extended. · 
Ot tl)ese times 0 ~ppro~taly o.5'1, was used by the DO-loop mechanism, 
___ -~~-,._;------~e--,ema-inder--by---the--conversion;-~-"Tlrewe~ 7tigures---·1nlttcate--tnat~-- WIZARD-
___ - -·- . 
. 
- ' 
conversion is on the order of nine times taster than the FORTRA.Ns'. 
Moreover, this speed advantage is obsarved---"in converting a number which 
is not in the range of ~eatest''Jikeljhoodn for which the WIZARD procedures 
have been optjmized. Several additional tjme trials were made to determine _ 
if the speed advantage of the WIZARD routines is, in general, as great 
as these figures indicate. These tests rev8$.l that the FORTRAN-Erterded 
conversion is slightly taster than the FORTRAN's, and the speed of both 
is subject to smaller variation from ;number to number than is the WIZARD 
.., 
; ' V 
conversion speed. Either of the FORTRA.Ns' conversion times ranged from 
approximately 1200 to 1400 microseconds. A very long WIZARD conversion, 
one requiring the maximum of thirteen scalings and involving thirteen 
significant digits was timed at 700 microseconds, with no measurable 
time used in the looping ~ba.nism. This figure is still approximately 
.. 
one half of the time required in the FORTRAN conversion. The shortest 
WIZARD conversion, the single digit "0", required a conversion tjme of 
1e.o microseconds. 
S.3 Accuracy 
Verifying that a conversion procedure 1a sutticiently accurate 
in a partic"lllar conversion is fairly straight forward. Accuracy is a 
directly observable phenomenon via the compiler's input-output capability, 
~c,- .. _I.. 
. - ·..:.., __ : 
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·._This same··capability", moreover.~ provides the •ost simple and suitable 
119ans ot detecting the introduction of conversion sr:ror. If the test .-
' 
. 
. . 
--------· ···-• '._1&·._performed-urde~ program-control;,- a large n&oor of eonversions .. ·may ---·--·- ·_., ____ -_, ___ · .. _____ 1 
- . - ---·--
--------'be verified. The design o:f such a test program [12] is particularl.J" .!., 
,..,_ .. ' 
-
. simple in WIZARD due to the availability of a •string0 variable which 
_ --~~~=--===-=~-~---· allows-,"~Og!'atffililsd~--a-l.tera-t-i-on---o:r-·~the~·-displa:y; codEr"°C:Olitig1t:rat10n"Diing~· --. ·=·--_ ~, --=-~----==-~-
., 
tes~. Moreover, _such a test allows possible errors to be detected 
in precisely the same environment available .to WIZ.ARD users in general. 
The test may bf) considerably shortened. by the judicious selection of 
test cases. 
\ During the initial de~g of the procedures und~ con-
sideration,a sample or test strings were used to establish that numl:,ers 
. \ 
over a wide range or magnitudes and form could be accurately converted. 
Tests of this sort are helpful for determining the magnitude 1;m1ts ot 
the conversion procedure and also for establishing a level of confidence· 
necessary before more extensive tests are cond111eted. A large number of 
such random test cases is not, however, satisfactory for systematically 
verifying the accuracy characteristics of a conversion process. To 
achieve a systematic test, the following approach has been adopted. A 
fifteen_ digit number of the form d1 dz .•• d15 is converted. For a 
given configuration of d1 to d14, the last digit may assume any of the 
values from Oto 9. The floating point result of eaoh such conversion 
is examined to determine if the conversion error emeeds the maximum 
:relative representation error. If it do,es not, then the conversion 1s 
sufficiently accurate. In the test prograa,two configurations for d1 
to d14 were used; they are 
case 1 s d1 • • • d14 = 1000·0000000000 
oaae 21 di ••. d14 c: 
' 
; 
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· ~mely, t.be 1118Ximum and m1nimua coefficients of 14. digits. · This choice · I 
· ·is made because these cases represent the boundary values of the· re-.· 
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.. __ presenta~ion error. ._ ~,.ti~l argumen~ supporting this choice are.. . . ..
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given by Goldberg [~] who points out that· significant digit loss is ... 
v- . -f"\ • 
most likely when t};te coefficient approaches its maximum value. 
. ,l 
tedius, thus the availability or suital>le binary to display code con-
version routines (11hich will be called "output" routines) greatly 
lessens this tasko A suitable output routine is one ·in which any error 
introduced during output is separable from the dec:lmal to binary con-
version error. The WIZA.RD output routines are of this type, for they 
-uve-~en~~·aesignecl Yor-output;--o:r·--~double-prec~isicmc numbers·ntli ·. an··-accuri.cJ 
which has been independently verified and shown to provide no less than 
20 significant digits. When a· number for output conversion is actually· 
single-precision, the output routines extend the number to double-
precision by generating a low order part of zero, and double-precision 
conversion is then effected. Thus in printing out twenty digits from 
a single-precision coefficient, the fifteenth through the twentieth, 
digits may be used to determine the error introduced in the initial 
conversion from display code into binary o This approach has been 
followed in the test program some results of vmich are shown in figures 
., 
/ 
9 and 10, using the coefficient configriration shown in case 1 and case 2, 
ra1pectively. For each, four sample exponents have been chosen, among 
t.ben 1<>319 which requires the maxi.mum of 13 scaling multiplications. 
The results are in three colunrns;: the first shows the form of the display 
code before conversion to binary; the second shows the results of output 
conversion with the excess display code oharacters1 and the third shova 
-the relative error. In the cases tested, this did not exceed the 
-15 
maximum theoretical representation error which is J.553•10 ., Conaequental.ly 
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Figure 91 Accuracy test results (case 1) 
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9999999~9999990E~Ol4- .9e999999~-99999886-·313•00 l·,·369•15 
999999999999991E0 014........ 9. 9999999999«;'!9 BS6 313 • o o 2. 369• 1 s 
.999999999999992Eb0l4 · 9e999999999999943157•00 2,316 9 15· 
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. o·XSPLAY, CODE:. __ 
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-
. . 
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. 999999999999993E~Ol4 9.999999999999943157•00 le316~1s 
~~~~===------499-9~9~9~!il9~9Jl&:>E-g,Qt 4- - ~~J~_.-99~ 9-9-9-99J~~-9-9 9431-S~ +-0 O --...,,---------3.9"-l,S',:fi'!c},6-- ~- - . _....:---: ·: 
999999999999995Ei;;;i014 9.999999999999943151+00 · 6e843•.16 ·· · · . ·1 
... :. . .. ···---- .. --,- . - .... - - - -~---
999999999999996E~014 9.999999999999943157+00 l,68•~1s: 
999999999999991Eqo14 9.9999999999999431ij7•oo 2.684~1s 
999999999999998E~Ol4 leOOOOOOOOOOOOOOOOOO•Ol 2,000•15 
· 999999999999999E~Ol4 leOOOOOOOOOOOOOOOOOO+Ol l,000~1s 
. 
999999999999990E~305 
999999999999991Et305 
999999999999992E+305 
999999999999993E$305 
999999999999994E¢305 
99999999999999SE¢305 
999999999999996E•305 
999999999999997E•J05 
999999999999998Et305 
J99999999999999E~305 
999999999999990Eg039 
999999999999991E~039 
999999999999992E~039 
. 
999999999999993E~039 
999999999999994Em039 
99999999999999SE~039 
999999999999996E~039 
999999999999991E 0 039 
999999999999998Eq039 
999999999999999E~039 
.. 
999999999999990E~l09 
999999999999991Enl09 
99999999999999~~~109 
999999999999993EA109 
999999999999994E~lo9 
999999999999g95E~l09 
999999999999996Enl09 
999999999999997Egl09 
999999999999998E•l09 
999999999999999E•l09 
9.999g99999q99867384¢319 
9.999999999g99937606¢319 
9e999999999999937606$3l9 
9,999999999Q99937606¢Jl9 f 
9e999999999o99937606¢319 
9.999999999999937606¢319 
9,999999999999937606¢319 
9e999999999o99937606o319 
1.000000000000000703¢320 
1.000000000000000103¢320 
9.99g999999g99927605Q25 
9e999999999999927605~25 
9.999999999g9992,605-2S 
9.999999999Q99927605•25 
9.999999999999927605•25 
9,999999999999927~05~25 
9,999999999Q99986380•25 
9.999999999999986380•25 
9,999g99999g999A6380•25 
9,999999999g99986380m25 
9.999999999999901097-95 
9,999999999ggg901097•95 
9.999q99999qg9901097ff95 
g,999999999g99943616~9s 
9.999999999999943676•95 
9.999999999999943676•95 
9.999999999099943676-95 
9,999999999999986256•Q5 
9e999999999Q99986256•95 
9,999999999Q99986256-95 
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3,262•15 
21761•15 
1,761•15 
7.606•16 
2e394•16 
1,239•15 
2,239 .. 15 
3,239"'15 
1,922•15 
9,217 111 16 
2,760.-15 
le760•1s 
7 ,605•16 
2,395•16 
1,239"'15 
2 .239"'15-. 
2,638•15 
1,638•15 
6.380•16 
3e62Qml6 
1,097m}6 
a.903"'16 
1,890..,15 
1,368•15 
3,676•16 
6,324ml6 
1.632•15 
le626•15 
6,256•16. 
3,744•16 
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.. ~-. the tourte~n significant digits haV8 -been retained. using a rOUllded 'Q- . 
. . 
~ 
· ·conversion from display cod@ into_ binary and back .. to -display code. 
'v. 
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• oon~rs,-on procedure'is a highly effective·envir~~ental test, and 
has shown, at least tor the examples provided, that the accuracy 
. . 
. 
. 
-. , _requiremen:tsJor~a~ ·gooct =,lmgle~precision .·· rioa.17,ing ·_ :poirit~ c""oiiversloii=~~--~..,......~ -~---:--. __ -="!r' ....... :==- ~--==. ---_{-=-·. 
have been met. Coefficient configurations other. than the boo.ndary 
· Talues chosen for this experiment may be tested; but no testing 
procedure other than an exhaustive one is ·knol1n that 1 will guarantee . 
I 
. :- ... 
that the required accuracy is attainable over th~ eomplete range of 
convertible display code numbers. It is on Goldberg's argument, 
and on the accuracy bonds established for the arithmetic techniques, 
that the supposed sufficie~cy of this test is based._ An abbreviated 
• 
version of the same test has be.en conducted using the conversion 
procedures o:f FORTRAN and FORTRAN EXTENDED. The results were very 
nearly identical to those obtained using the WIZARD conversion ·pro-
cedures • 
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· VI. Conclusions 
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_ Same aspects ot impl®mG)nting a di.splay code to _-binary -n~r. · 
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' requirements. of the convertsa·nuw.oo:rp the time.required for conversion, 
ia!: ~-==--=--.==~-------~~--and~"restrictions,,·1mpos·ER1···-1,y·-·tnec.-.n~oiimeit''•In~'which~-'tiiec···irrocedure· ·1s·- ······· t 
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~, to be used. As the relative importance ot each of these factors varies, ·1·,, b! 
h, 
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"· fi' 
;~: 
t·' • 
. ~( 
f 
(.~· 
.;-
,· :~r 
{ 
·;: 
a conversion procedure which is nearly opt1mal in one context maybe 
vnacceptab1e.¥t another; this is particultarly true in the case of speed 
~ &Qcuracy tor which the optimisation of one_attribute generally 
sacrifices the other. 
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The environmental restrictions in the WIZARD illlpleMntation 
specify an upper bound on the conversion inaccuracy, namely that the 
single precision noating.point result is uniformly as accurate as the 
representational 11mitations will allow._ The maximum representation 
error is thus established as the upper ]jm:it for the conversion error. 
A conversion procedure whose error is to remain within this bound re-
quires the intermediate use of exterded-precision arithmetic" In the 
conversion phase involving the processing of the coefficient, this 
precision extension is achieved by using logically implemented integer 
.. , 
.. . 
... 
arithmetic maintaining the coefficient to a precision o! 96 bits. The .. ~·· 
use of logical instructions has the dual advantage of introducing in-
aignifioant generation error and requiring very little per-digit ar1th-
•t1c processing tjme. 
The optimal scaling of the _coefficient is a highly environaent-
dependent phase in the conversion. Expected usage statistics may be 
uaed to specify which scaling constant.a u.:, wt trequenUy be required. 
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· 'l'h1s 'intorma~iori, aloni with the alloable range _ot exponents.· is· used 
to determine the maximum n-mnber of scaling-- multiplications which any 
CODT8:t.9Sion could invol.ve. The- floating point scaling ari~tic lll\JS:t·-·. ---· 
then b® suffi@i0nt.ly accurate so that the aximum p~@~gation error is 
complet®ly absorbed in the low order portion of th@ double-precision 
0. 
·" ,.. __ •' -- - . ·-·-----······""•"~ ,,,,,-~- . ~-~-::-. --...t,..;-~ _· __ ~coefficient.----1&--tll•·WlZARD·-·imp:tementaticn~ tltis rastricits the gene:ration ~-~--=-------===· 
•• 
• 
' . 
-
error in each scal:1ng mul~plication to the l.owest order bit ot a douple-
/( precision result. The complexity and speed of the arithmetic required "-I 
to so restrict the generation error is a function ot the precision ot 
the operands used in the multiplication. Two doublec:Jprecision multi-
plication techniques are used 1n a·way to take advantage of this difference • 
. 
The conversion procedures which have been discussed are currently 
... 
in use as a part ot the WIZARD compiler and its run-time subroutines, 
including a version which is part of the on-line program library at 
Lehigh University. Their continued ani successful use for a "Wide ftrietJ' 
ot applications, both in WIZARD and in COMPASS 0 serves as a valuable 
on-going test supporting and complementing the exper1ments discussed 
1n section V. Their modular design has allowed the use o! substantially 
the same coding in each context, with the principal changes involving 
only the non-arithmetic portions such as character fetching, del:im1ter 
processing 9 and diagnostic messages. Finally, these procedures demonstrate 
the degree to which speed ani accuracy characteristics of conversion 
procedures may be significantly enhanced through thorough error analysis 
prior to their design, and by the use of the non-arithmetic instruction 
npertoire anilable with most computers. 
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(lUlsigned integer) 11= (digit) I (digi~ (unsigned integer 
(exp) : s= (de'.9(unsigned intege1? 
( ooetticient) 1 1= (unsigned integer) I ( unsigned integer) •I 
-
(unsgined integer) • (unsigned integei:) I . ( unsigned. 1nteg~r) 
.. 
(conTertible llllmber) 11= (coetf'icient) I (coetf'icien'IV (exp) I 
(!) ~oef'ticient) I(±) (coef'f'icient) (exp) 
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